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If u is an entire harmonic function of exponential type less than 71 satisfying 
u(n, 0) = u&q 0) = 0 for all integers n, then it follows from a result of Zeilberger 
that u is identically zero. The main result in this article is to give a series re- 
presentation of any entire harmonic function u of exponential type 7 Q n with 
u(x, 0) and zty(x, 0) in Ln(- ~0, co), for some p > 0, in terms of the values l-&z, 0) 
and u&z, 0), n = 0, l,.... A method of construction of a basis is given. This 
technique can be extended to other related problems. 
1. INTRODUCTION AND R~surm 
An entire harmonic function U(X, y) is a real-valued function, harmonic 
in the plane UP. It is an entire harmonic function of exponential type T, 
if 1 11(x, y)] < e(r+E)l(Z,y)l for all large values of 1(x, y)[ = dxz + y2 where 
E > 0 is arbitrary. By Carathtodory’s inequality [4; p. 31, U(X, y) is entire 
harmonic of exponential type 7 if and only if u(x, y) = Ref(z), z = x + iy, 
where f is an entire (analytic) function of exponential type 7. In [3], Boas 
pointed out that at least we need to know the function values on a two- 
dimensional set in W in order to uniquely determine an entire harmonic 
function. For instance, the function u(.x, y) = y is zero for all y = 0. He 
also proved in [3] that if U(X, y) is entire harmonic and of exponential type 
type T < n, then U(X, y) = 0 if it is zero at the lattice points (n, 0) and (n, l), 
n = 0, 51, *2 ).... Several interesting problems were posed in [3]. One 
of these problems was to construct U(X, y) from its values at these lattice 
points. This question was answered by Ching and Chui in [5], in which U(X, 0) 
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and zl(.y, 1) are both assumed to belong to L”(--KI, “o). Later, Anderson 
proved the convergence of the series representation introduced in [5] under 
weaker hypotheses on U(X, 0) and U(X, 1). Another problem in [3] was to 
generalize the uniqueness results in [3] to higher dimensions. This was done 
in [2, ‘71. As a consequence, it follows that the values u(n, 0) and u&r, G), 
1% = 0, I,...: on a one-dimensional set are sufficient o determine u provided 
that the type of T of u is less than IT. That is, the foliowing result is obtained. 
PR~~WJTION 1. Let u(x, y) be an entire harmonic function of exponent%,! 
type T < TT such that u(n, 0) = u&z, 0) = 0, FZ = 0, & 1: k,2 ,.... Thw 
u(x, y) 3 0. 
This result is sharp in the sense that T < v cannot be replaced by I < r-, 
because of the example (cle”v + cZe-nY) sin XX. We also remark that the 
function zf(x, v) = y satisfies tr(n, 0) = u&z, 0) = 0 for iz = 0, &I,..., 
so that the hypotheses on the normal derivative I{, cannot be replaced by 
that on the tangential derivative. We will give a very simple function- 
theoretic proof of this uniqueness result. This proof will also facilitate our 
derivation of our series representation theorem. 
Note that the functions 
are entire harmonic functions of exponential type rr and satisfy 




cxn(l?!, 0) = 0, 
i.r> 
B&w 0) = 0, g Fn(% 0) = hls.n : 
for all integers in and ~1. We use these functions as a basis to solve the repre- 
sentation problem. Namely, we have the following rest.& 
THEOREM 1. Let u(x, y) be an entire harmonic function of exponerztiad 
type <r such that u(x, 0) and q,(x, 0) belorzg to LP(- co, co), for ,some pV 
0 < p < 0~). Then 
where the series converges uniformly on every compact subset of PP. 
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We emphasize that while Proposition 1 holds only for entire harmonic 
functions of exponential type less than rr, Theorem 1 holds for those of 
type <n. Of course, for y = 0 the function (clemV + c,e-TV) sin TX is not 
in L”, 0 <p < co. This example also shows that 0 <p < co carmot be 
replaced by p = co in Theorem 1. For p = 2, following Ching and Chui [Yj, 
it can be proved that the convergence of the series in (2) is uniform on every 
strip 1 y j < K < co. We will give a method of construction of the basis 
functions 01, and /In . This method can be extended to other related problems. 
2. PROOF OF THE RESULTS 
Let U(X, y) be an entire harmonic function of exponential type T < r such 
that ZI(~Z, 0) = u,(H, 0) = 0, n = 0, &l,.... We have to prove that I@, y) = 0. 
Let a(~, y) be a harmonic conjugate of U(X, y) andf(z) = u(z) + ia( Also, 
set F(z) = f(z) +f(,%). Then F(z) is an entire function of exponential type 
7 < m and reduces to 2u(x, 0) on the real axis. Thus, F(z) vanishes at all the 
integers. By Carlson’s theorem, F(z) vanishes identically. Now, consider the 
entire function G(z) = f’(z) -f’(F). G(z) is of exponential type T < n and 
reduces to 2&(x, 0) on the real axis. But uX(x, y) = -z~~(x, y) so that 
G(x) = -2iu,(.u, 0). But u,(n, 0) = 0, n = 0, f I ,..., yields G(rz) = 0, 
n = 0, &l,.... Again by Carlson’s theorem, G(z) is identically zero. 
From the identities F(z) = G(z) = 0 and using the Cauchy-Riemann 
equations, we have u,(x, -y) = -uo(x, y) and u,(x, -y) = u,(x, y), so that 
24,(x, y) is constant for fixed y. Similarly, we also have u,(x, -y) = ZI,(X, y) 
and zl,(x, -y) = -zI,(x, y) so that u.~(x, y) is also constant when y is fixed. 
Hence by a standard argument, we have U(X, y) = c1 y + cg for some 
constants c1 and cg . But the hypothesis ~(0, 0) = u( 1, 0) = 0 implies that 
c, = c2 = 0, or U(X, y) = 0. This completes the proof of Proposition 1. 
To prove the representation theorem, we first give a method of construction 
of the basis functions E, and Pn _ 
In view of the basis functions obtained in [5], it is natural to consider the 
basis functions a, and /ill of the form 
h,(x, y) = & j: k(t, y) eit(s-n) dt. 
51 
If h, is entire harmonic, then the kernel k(t, y) must satisfy the equation 
li,, - t2k = 0 for all t and y. Fix t and consider K(.) = k(t, .) as a function 
of the second variable. By choosin g k(t, 0) = 1, then h,(m, 0) = 8,,, 
already. Hence, if we require i?h,(rn, O)/i?y = 0 for all nz, we have 
s n W, ‘3 
eiti dt = 0 
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for all integers j, so that k,(t, 0) = 0. That is, we have the initial valued 
problem 
K” - t2K 1 0 
K(0) = 1, Kyo; = 0. 
The solution is k(t, y) = K(y) = cash ty. That is, the basis function ,X,(X, .:.) 
satisfying ~Jn.2, 0) = 6,,, and ~?oi,(y12, 0)/S = 0 for all ~1 is 
Similarly, the basis function /~J.Y, y) satisfying pll(~r?, 0) = 0, a,B,(r~, O),‘EJ, = 
I$,,.. for all 112 is obtained to be 
To complete the proof of Theorem 1, we need several lemmas. 
LEMMA I. For all (s, y) E R2 and n f 0, 
and 1 q,(x, JI)~ < enjYl, 1 po(.x, y)I < / y ( emiri. 
Let z = x + iy be fixed and consider the functions j(t) = e”l% cash ty 
and k(t) = eifZ sinh ty/t. Then IY,(X, y) and /In(s, y) are the nth Fourier 
coefficients ofj(t) and k(t), respectively. We first prove that for all / f I < rY 
j(t) and k(t) satisfy the following inequalities: 
and 
/j(t)1 < emlyl, 
lj’(O < (I x I + 14’ i) e”lT 
I WI < I Y / @Iv’, 
I k’(t)1 < (1 + Tr j y j i y” + xy I) dam. p’, 
Inequalities (5) and (6) are immediate from the definitions of J(r). For 
\ t 1 < T, we have 
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which gives (7). To prove (8), we set Z(t) = sinh ty/t and note that Z’(t) = 
(ty cash ty - sinh ty)/t”. Hence, for 1 d I t I < V, I Z’(t)/ < (7~ I y I + 1) eslyt, 
andforltl <l,wehave 
These estimates give 
I Z’(t)1 < (1 + 37 IY I + v”) eW (10) 
Using (9) and (lo), we therefore have 
I WI ,< I x I I w + I WI 
< (I xy I + 1 + 57 Iy I + ~3 eT 
which is (8). We now return to derive the estimates for ollz(x, y) and jI,(x, y). 
The estimates for IZ = 0 are trivial. For II # 0, we have 
1 01,(x, y)l = 1 k J: j(t) ecint dt ) 
a 
< / sin n(n - x) cash ny/~~n / 
< ($ + I x I + I Y I) eVl n I 
by using (6). This gives (3). To estimate ,&(x, y), y1 i 0, we have 
1 ,8,(x, y)l = / & j: k(t) e-i+lt dt / 
n 
< 1 sirih (7ry) sin 7472 - x)/n-77 / 
+ I& 1-t k’(t) ecint dt 1 
< ($ + 1 + m I y I + y2 + I .XY I) enlylll 11  
by using (8). This completes the proof of Lemma 1. 
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We also need the following lemma which was proved in [I]. 
LEMMA 2. Let u(s, y) be an entire harmonic furzction of exponential type 
T < T sucJz that u(x, 0) and z&c, 0) are both in Lr(-m, co), 0 <p < CE. 
Then ufx, n) satisjes the following: 
21(x, 0) = o(1) arzd q/(x, 0) = o(1) as Ixiico. (r_3) 
We are now ready to prove Theorem 1. Let u(x, y) satisfy the hypotheses 
In the theorem. For any compact set Kin 5X2, Lemma 1 yields 
for al! (x, y) E K, where CK < co is some constant depending only on K. 
-4 similar estimate holds for zly(rz, 0) Pn(.x, y). Hence, by Lemma 2, the series 
converges uniformly on every compact subset of iw” to some entire harmonic 
function N(X, y). From the same estimates above, it is clear that w(.x; y) 
is of exponential type 7 < n-. Let U(x, y) = u(x, yj - I~T(.Y, y). It is suEciect 
to prove that U(x, y) = 0. Using the proof given in [I], that is: by a conse- 
cutive application of the Plancherel-Polya and the Riemann-Stieltjes 
theorems, we conclude that U(x, 0) = CT&x, y) = 0 for all x. As in the proof 
of the proposition, let k(z) be an entire function with Re 12(z) = L/(x, J;), 
t = x + iy, and set H(z) = h(z) + Jz(F). Then H(s) = 2U(x, 0) = 0 
for all real x, so that H(z) = 0. Similarly, let L(z) = K(z) - m). Then 
L(x) = 2iU,(x, 0) = 0 by using the Cauchy-Riemann equations, Thus, 
L(z) = 0. Write h(z) = C a,~“. Since H(z) = h(z) -k /r(Zj E 0, we have 
a, t u n = 0 for all n. Also, L(z) = h’(z) - A’(F) E 0 implies ntl, - ~5, = 0 
for all N. We conclude, therefore, that a, is pure imaginary and a, = 8 
for 12 = 1, 2,.... Hence, U(x, y) = Re J?(z) 3 0, completing the proof of 
the theorem. 
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3. FINAL REMARKS 
By using standard techniques in classical function theory, the uniqueness 
result in Proposition I can be improved. For example, the following unique- 
ness result is obtained in [6]. 
PROPOSITION 2. If u is an entire hamonic jimction of exponential type 
T such that 1 u(x, y)I, j u~(x, y)[, 1 u,(x, y)l < AeplC5,~)i, and u(n, 0) = 
uy(n, 0) = 0 for rz = 0, f I ,..., then 24(x, y) = (clex’y + c2e-By) sin ~3. 
Similarly, the techniques used in this paper can be extended to give other 
related uniqueness and representation results (cf. [6]). 
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